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Introduction, Heat Conduction Equation
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Modes of Heat Transfer

Heat transfer occurs whenever there is a temperature
difference

Modes:

* Conduction: Stationary medium AT (interaction of
microscale carriers within material)

* Convection: Heat transfer between a surface and a
moving fluid (conduction with fluid motion, energy
also transferred due to bulk fluid motion)

* Radiation: Heat transfer between two surfaces at
different T even in absence of intervening medium,
due to electromagnetic waves



Energy transfer due to interactions of micro-scale energy
carriers within material

* High energy (fast moving, high temperature) carriers collide
with lower energy (slower moving, lower temperature)
carriers

* Leads to transfer of energy from high Ttolow T

Type of energy carriers depends on material
* |n gas or liquid, energy carriers are molecules

* Insolid, energy carriers are phonons (lattice vibrations) or
electrons

Regardless of the type of energy carriers, conduction heat
transfer is characterized by Fourier's law



Fourier’s Law

Rate Equation
 Fourier’s Law

where :
¢" is the heat flux in the x - direction (W/m?

k is the thermal conductivity (W/m-K)

é;_T Is the temperature gradient in the x - direction (K/m)
X

* - because heat flows in direction of /T



Meaning of Thermal Conductivity
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Meaning of Thermal Conductivity

Temperature net energy transfer in the x-direction: ¢’ ~ ¢"/—q"
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* Provided that the Knudsen number

Kn = L

L char

* issmall, Fourier's law holds and the thermal conductivity represents the product of
the:

 number density (nms),

e average velocity (vms),

* heat capacity (cms), and

» distance between interactions (Lms).
» for the energy carriers in the material
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Thermal Conductivity — Representative Values

* pure metals have the largest k
— electrons are numerous and fast

— conductivity is related to electrical
resistivity (Wiedemann-Franz law)

* alloys have lower k

— impurities impede the motion of
electrons

* non-metals have lower k

— energy carried by phonons
* liguids have lower k

— energy carried by molecules
e gases have lowest k

— molecules are diffuse

— kinetic theory to determine the
thermal conductivity of a gas
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Material scientists and physicists examine the underlying structure of a
material in order to predict thermal conductivity (and other properties)



1-D Conduction (Energy Balance)

Consider a 1-D system

q = internal heat generation per unit
volume

Energy conducted in left face (1) (Flux)

__ka ol
dx = —kA 6x+

Heat Generated in element (2) (Source) =

gA dx

Change in internal energy (3) (Storage)

oT
pcAﬁ dx+

Energy conducted out right face (4) (Flux)
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Energy Balance
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Energy Balance



Heat Diffusion Equation
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Cylindrical Coordinates

Cvlindrical coordinates:
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Simplification 1 (Constant k):
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Larger a = faster heat diffusion into material

* k high = faster energy transfer

* pClow = less energy needed to change T (low thermal capacity)




Simplifications

Special Case 1: steady state 1-D Heat Flow (No Heat Gen)

d2T |62T 62T 82T La_nter
d7=0 lox?  ay? sz k ot
Special Case 2: steady state 1-D Heat Flow (No Heat Gen)
Cylindrical 82T 18T 1 82T 8°T q 16T
d’T 1dT_ ol ror r2a92 oz2 K adt
dr2 rdr

Special Case 3: steady state 1-D Heat Flow with Heat Gen
(Cartesian)

d2T ¢
S o+ l=0
dx?2 k

Special Case 4: 2-D steady state without Heat Gen

1T
5X2 6y2




Boundary and Initial Conditions

Solution to the heat diffusion equation depends on:
* Physical conditions at boundaries of the medium

* Conditions existing in the medium at some initial time
(time dependent problems)
Heat Equation is 2"9order in space

—> 2 BC for each coordinate needed to describe system

1storder in time

= 1 initial condition required 7T o7 o7 _q_1or

|§x (:N ﬁzz k oot




Boundary and Initial Conditions

Types of BC at Surface (x=0)

1. Surface maintained at
constant temperature Ts Tsl

T(O,t)= Ts
B.C of the first kind (Dirichlet
T(x,t)

condition)

. . X
e.g., when surface is in

contact with boiling liquid

Ts =Tphase change




Boundary and Initial Conditions

2. Constant surface heat flux
a. Finite heat flux

0 "
-k —
G;TL Qs

Neumann condition (B.C. of 2nd
kind)
e.g., electric heater

b. Adiabatic (insulated)
surface

T o
X o

\
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qlls
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Boundary and Initial Conditions
3.Convection Surface

Condition

= h(T.o - To.1)) |\\
\

Mixed Boundary Condition Teo, b \
T T T \ T(x,t)
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OX




MERERWEN

e 1-D, steady-state (plane wall: A not f(x)) L~
g=-kA or (Fourier's law) : i
© Ox B
2T Ty .
0 B g
. dx? _ _ : i
* Upon integration and application of BC: X1l T
d2 T IR !//////
T with Ty =T, and T, =T, ol
* Temperature proftile: T. — L -
p p T= ( C LT H ) x4 TH LSS
 Heat transfer rate: o — Ty
g=-kA — |Gg=—"2(T,-T
c dx q L ( H C)
* ThermalResistance:  |,_(Ty-Tc).p_ L ! 7,
q. k14‘C SIS S S S S S S S S S S S S S s




Convection Resistance

e Convection refers to heat transfer between
surface and moving fluid

 Newton's law of cooling rate equation that

characterizes convection
Geow =h A, (T, - Tw)‘
——

1 / RCO}’IV

e h NOT material or fluid property

e h complex function of geometry, fluid
properties, and flow conditions

e Chapters 4 through 7 of text book
dedicated to determining h

1
R =

conv 7
h K

T, ,
v qconv AS’ T;
__—
__—
convection heat
transfer rate (W)

h average heat transfer
coefficient (W/m?-K)

A surface area exposed to
fluid (m?)

T, surface temperature (K)

N

T, fluid temperature (K)




Contact Resistance

 Temperature drop across interface between materials may be appreciable
— Thermal contact resistance Ry, R, =TA=T
— For a unit area of the interface ’ Ay
* Primarily due to surface roughness, gaps are typically air-filled
* Depends on: materials, surface preparation, interstitial material, clamping pressure

* Often THE dominant resistance in the entire system, esp. for high-flux applications

—q,




Contact Resistance

Heat Transfer = g through actual contact area (conduction)
+ g through conduction and radiation across gaps
Contact resistance = Parallel combination of contact spots and gaps
usually contact area is small
For solids with k > Kinterfacial fluid, cOntact resistance reduced by:

* increasing area of contact spots through increased contact
pressure

* reducing interface roughness
* introducing interfacial fluid of high k
Contact between dissimilar solids/interstitial filler materials

Typical filler material:

— soft metals
— thermal gasses

Other permanent interfaces: epoxy, soft solder, etc.



Contact Resistance

Area-specific contact resistance typically measured and values for specific
combinations are available in tables and handbooks (Table 1-1)

e only meant to provide estimate of importance for typical applications

—

Table 1-1: Area-specific contact resistance for some interfaces, from Schneider (19585) and Fried (1969)

Materials Clamping Surface Interstitial Temperature Area-specific
pressure roughness material contact resistance
copper-to-copper 100 kPa 0.2 1un vacuum 46°C 15x104 K-md/W
copper-to-copper 1000 kPa 0.2 lLm vacuui 46°C 1.3x10-4 K-m</ W
aluminum-to-aluminum 100 kPa 0.3 |un vacuum 46°C 2.5x%10-3 K-m2/'W
aluminum-to-aluminum 100 kPa 1.5 pum vacuun 46°C 3.3x10-3 K-m*'W
stainless-to-stainless 100 IPa 1.3 jum vacuum 30°C 4.5x10-% K=m4'W
stamlegg-to-gtamnless 1000 kPa 1.3 jtm Vacumn 30°C 2.4x10-3 K-m2/'W
stainless-to-stamless 100 kPa 0.3 [un vacuum 30°C 2.9x10-3 K-m¥W
stamnlegz-to-gtamless 1000 kPa 0.3 [um Vacuin 30°C 7. 7x10-4 K-m</W
stainlesg-to-aluminum 100 kPa 1.2 lum air 93°C 3.3x104 K-m&/'W
aluminum-to-aluminum | 1000 kPa 0.3 lLm air 93=C 6.7x10-% K-m%'W
aluminum-to-aluminum 100 kPa 10 jun air 20=C 2.8x10-4 K-m&/'W
aluminum-to-aluminum 100 kPa 10 pum helium 20=C 1.1x10-4 K-m</W
aluminum-to-aluminum | 100 kPa 10 pum hydrogen 20°C 0.72510-9 K-m2/W
aluminum-to-aluminum 100 kPa 10 um s1licone o1l 20°C 0.53x10-4 K-m</'W




Radiation Resistance (Linearization)

* The radiation rate equation can be rearranged so that it resembles a

resistance equation
fjmd = 'A.: JE[I.':Ii _T4 )

SHF

Ejmn‘ :'AEJE[I.':2+TE }[I; +1, }(Ts -1, }

SuUr | ur Iur

e

1/ R

e Radiation resistance (exact):
1

) Aoe(T)+T2 (T +T

rad

sur sur

e Radiation resistance (approximate):

Rrad ~ = where ]__': TVSLTVSW

— works well if the absolute temperatures of the surface and
surroundings are both large and not too different from each other



Resistance Networks

e Equivalent thermal circuit:

At 1) L 55
h,A kA hoA

To1=Ts1_Ts1-Ts2_Ts2-Te2
1hA L/kA 1haA

dx =

e Heat transfer (current) same through each resistor.
Temperature (voltage) drops proportional to
resistances

e Total thermal resistance: Tw’;‘Tw’Z—q
tot

X

1 L 1

 Series resistances can be summed: [Ret=pa*ka*ha




 Composite Wall: T 1= Too

Resistance Networks

q, = Too,1_Too,4

.=

A4 A B Lc 1
hi{A kaA kgA kcA hzA

e Can also write equations for

individual resistances:

q _To1-Tsn_Tsa1-To_ To-Ts _
X h,A La/kaA Lg/kgA

"RigtA 1 La Lg Lc 1

hi ks kg  kc  ha

AT 1
Riot=2Rt="= —

Define an overall heat transfer
coefficient U:

Ox =(UAAT |  |g, - T~ T

>Ry

L]

Cold fluid
Taihiy




Series/Parallel Configurations

* For the sake of completeness:

B




Radial Systems

Radial Systems

* Frequently, temperature gradients
only in radial direction, so can
treat as 1-D systems

[kr J 0
rdr

* Fourier’s law:
dT dT
=—kA — =— - —
g, o =k@mt)y - A=27rl

* q,constant, q,” not, A =f(r)
* Integrationyields: T=c,Inr+c,

 Apply BC: T—Toou__ In(rro)

Ts .in Ts,out l n ( out )

dT _ 27Z-Lk Ts,in _Ts,out

dr In(rout /,;n)

q,=q"A=—k27xrl

1
//g_\: s /2 7
!
| L
i e |
- | 777
i_ rm —>
I
! rout >
/ A
]11 oui
\ 'F;'n
Rf.‘r{ = -
2xLlk

T profile not linear despite no Q,,,, because
A, changes radially




Radial Systems



Composite Cylindrical Wall

e Use definition of resistance of cylindrical element
for each cylinder (combine in series):

— (TOOl _T°04) (Twl _Too4)
" 1 +|n(r2/r1)+|n(r3/r2)+|n(r4/ rs)_,_L 9= R, :UlAl(Tool_ToM)
27rlLh 2wk L 2wk L 27k L 27xrlh
t 1z A B ¢ 44 A=2rxrl
1 1




U and UA of Composite Cylindrical Wall

* In plane wall systems, area A is unique
and constant. But in cylindrical systems,
choice of several surfaces evaluated at
radius ry, r,, or ry. But Q does not change
because of choice of radius for evaluation
of surface area

q,=

(Tool_Too4)
#JrIn(rz/r1)+In(rg/r2)+ln(r4/ ), 1
27zr1Lh1 27zkAL 27szL 27szL 27zr4Lh4

U - 1 A=2rrl
TR A 1 1
tat” 1
U — 1
=
l_|n[:r”.-"r1ji+r_l|n[:r3;fr2}+r_1|n|{r“.-'r3'J,_,_r_il
1 A B [ 4 4

* U, defined from Inside Surface Area A,

* Choice of reference surface area is
arbitrary and/or based on personal
preference and convenience

—1
UA=U,A,=UA=UA= (D.R)

e o i &
1 In(ry/ry) In(ra/ra)  Inlry/rs) 1

MZrnl  2nkL Tnkgl 2kl  Fg2mrl




Spherical System

{1 1J

spherical shell: R — lin  Tour
sph

4k

99 + do

o . oT 1 o o7 ) oT
= Esing — |+—— k +q=pc, —
r<sin@ 06 068 ) r“sin“@ o¢\ O¢



Resistance Formulae

Table 1-2: A summary of commmon resistance formulae

situation Resistance formula Nomenclature
Flane wall s L=vwall thickness (| | to heat flow)
Fo = P k = conductivity
¢ A, =cross-sectional area ( L to heat flow)
Cylinder » L =cvlinder length
(radial heat transfer) In ;ﬂ k= conductivity
L ry and o, = inner and outer radi
* 2mik
Sphere 1 1 1 k = conductimty
(radial heat transter) Rp=—F|—— o at1d o, = iiner and outer radin
dmk|r, T,
Convection P 1 h =average heat transfer coefficient
R A A, = surface area exposed to convection
Contact between surfaces 5= R R! = area specific contact resistance
¢ A A, =surface area in contact
Fadiation 1 A, =radiating surface area
(exact) g o= Btefan-Boltzmann constant

£= emissivity
T, = absolute surface temperature
T = absolute surroundings temperature

Fadiation (approximate)

A, =radiating surface area

a= Ztefan-Boltzmann constant

g = ermissivity

T = average absolute termperature




Intermediate Heat Transfer

ME 6300

1.

Module 3
Examples and Numerical Methods:

1-D Conduction with Heat Generation

G. Nellis and S. A. Klein (2009), Heat Transfer, Cambridge University
Press Lecture notes provided by Drs. Nellis and Klein

Other textbooks such as T.L. Bergman, A.S. Lavine, F.P. Incropera,
D.P. DeWitt, “Fundamentals of Heat and Mass Transfer”, 8t Edition



Spontaneous Heating of a Hay Bale

e Thermal energy

generation due to T 50C
. . = 2 hay
bacterial fermentation [h=10Wm X K —0.04 W/m-K
. . g" = 2 W/m®
— Volumetric generation
depends on moisture Ryape = 5 ft
content of hay when olastic covering
baled
—th, =0.045 in
p
— Bale too large and/or , = 0.15 W/m-K
too wet - spontaneous
combustion when T >

70C




Governing Equation

° Energy balance: CylindriCal shell

qr + g = C.’r+dr

e Heat to be conducted out Tasr T
(generation)

 With rate equations:

2D =
>~ 7 ~ r

g inside control volume

o d( dT
rg" =—k—| r—
dr\ dr

)«(r)(k‘;’,:]}d(

g in r-direction

e linear, 2nd-order, non-homogeneous, ODE




Solution

e Separate and integrate:

e Again to get general solution:

ar={| -9" S g
Jar=| =5

r
r2 g-m
P +C,In(r)+C,

T=-—

e 2BC(r=0,r=R)

— r=0:symmetry, O energy

generation
(—ZﬂrLkﬂj =0
dr r=0

C.Ir:O - O

e BC@r=0yieldsC1=0

2 m

rg+C

T=—
Ak °

 Asin previous example, @ r =R,
T not specified, but obtain from
surface energy balance and T

 Energy into plastic cover =

energy convected out by
convection

-T
C" — r:Rba/e o0
out
Rcond,p + Rconv
|n(Rbale +thpj R _ 1

R th - -

R, = e ) T “" 27(Rype +th, LA
P 27 R, LK, P







Solution

Unit Settings: [JJ[KI/[Pa)l[kg)/[radians] 130

C, =3223[K] dTdrppae =-38.1 [Kim] g, =2 [WimJ] 120
h =10 [Wim2-K] k = 0.04 [Wim-K] ky =0.15 [Wim-K] 110]
L=1][m] dout = 14.59 [W] ARbale = 14.59 [W] c
(O] L
S 90
th, =0.001143 [m] T, =293.2 K] Troale = 293.3 [K] ‘é :
o 80
~ :
No unit problems were detected. 70;

bobe
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Radius (m)

400 ————

350]

i combustion temperature
300

250]

Parametric analysis on R to obtain limit for
combustion

200]

maximum

Center temperature of the bale (°F)

150]
i bale size
100
50| l
1 1.5 2 2.5 3 3.5 4

Bale outer radius (m)



Nonuniform Heat Generation

. Let g"=a+bT
where

a=—1W/m? and b=0.01 W/m’-K

;x( }d( (a+bT)= {}@in}/{

tIlm

r(a+bT)= k: ( ZT)
r\ dr

B Vo
g in r-direction

e vyields ODE that is not separable:

d[ de r(a+bT)

dr\ dr k

* Integration of RHS presents problems due to T in argument

jd(ri—IJz—jr(a;bT)dr




Solution

e Can solve it in software such as Maple:

Bessel function of the first kind

Ir=C

/

Bessell

N

/

order

df )

BesselY O,\/Er La
k b

Oth-order Bessel function of the first kind

\

Oth-order Bessel function of the second kind

dT _
 BC same as before; r=0, (;) is bounded

ar
dr

r=0

=—C, Bessell 1,\/Er \/E—ClBesseIY 1,\/Er \/E
k J\Vk k Nk

N

/)

N J
Y

one of these terms must approach infinity as r approaches zero
this will eliminate either C; or C,



Solution
Iimﬂz—CzBesseIJ 1,\/EO \/E—ClBesselY 1,\/EO b
=0 dr k k k k

' e
:O =—00

C, must be zero

qrsza,e - qout

[
— ° _2 7Z.Rba/e Lk(ﬂj = ( Rbale )
¢ At = Rbale. dr =R, R +R

cond,p conv

* One equation in unknown, C,



Comparison of Solutions

 Note higher value of temperature-dependent solution — the
bacterial fermentation heat source is larger at warmer
temperatures

130 ——

120 °°°°°°°° temperature dependent generation

110|

00 N,

90|

Temperature (°F)

80|

70|

6oL
0 02 04 06 08 1 12 14 16

Radius (m)




Numerical Solutions

Analytical solutions

e vyield functions that satisfy
governing equation over

computational domain N S S -
— exact solutions 325)——w ——
. ; — = numerical solution |
— computationally fast o 320 ~. —analytical solution |
. . erre . . < [ \_
— inflexible - difficult (impossible) to ||o a15] AN
include things like temperature- g Ll RN
dependent properties “é g \
Numerical solutions 2 N
. . 300] .

e predictions of temperature at g \ 5
discrete locations (nodes) within 29| .
computational domain 2900* 02 04 06 08 1 12 14 16

— approximate solutions Radius (m)

— computationally slower

— flexible - easy to include things like
temperature-dependent
properties




Approach

1.

2.
3.

6.

7.

Define many (N) nodes (locations for T at Dx) and associated
control volumes

Energy balance on each control volume

Approximate each energy term with rate equation (leads to
approximation)

Solve using appropriate tool

Verify convergence
a) enough nodes?

b) examine dependence on N; should be invariant with N (tradeoff
between accuracy and computational effort)

Check solution based on first principles, limits, overall energy
balances, etc.

Compare numerical solution to corresponding analytical solution
of simplified case

Don’t be enamored of pretty pictures



Hay Bale revisited

s —
¢ U

niformly distributed nodes:

r :—(I_l) R, for i=1.N Ar:—(lcb"’el)

(V1)
* |In some cases, concentrate nodes

in regions of interest (e.g., with
large dT/dr)

bale

plastic

B e i A el B o o

e Use arrays
Track variables common to all

nodes (e.g., r, T)




Nodal Energy Balances

\ \ control volume

\

\\ \ around node i
\
\\/7
|

Internal Nodes:

 Energy balance exactly correct .
I+1

(energy balance must hold) A
e Does not matter whether heat | ™| ° ™

transfers assumed into or out ,"

I )
/
1

\

/

of control volume (solution '

il indicat tual di i IN = OUT + STORED
will indicate actual direction e+ G +G =0
based on + or - values) \

defined as being into the
control volume




Rate Equations

thermal resistance consistent with being into the control volume

of this material \
. - (Ti—l _TI )
qLHS ~ R

1+1 LHS
° /
<_l_
Uriss resistance of material separating nodes i-1 and i

Thermal resistance notes

| r will lead to problems atr, =0
/ In| /
| i

e rate equation: R =

27 kL

conduction length

e alternative rate equation: R s =

k (conduction area)

must be evaluated at the interface!

Ar

k27 L(I’i —ﬂj
2

you must get the same value on both sides of the interface



Rate Equations

Internal Nodes:

ZﬂLk(ﬁ_gj(Tl1—T|)+27Z-Lk(rl+£ (Ti+1_Ti)+g",27TriLAr:O
Ar 2 o > g2 Lar

qLHS qRHS
fori=2..(N-1)

. '
internal nodes

* N-2 equations in N unknowns (T; ... T,)
 Remaining two equations from boundary nodes



Boundary Node (@ Center)

Energy balance: Ugus +9 =0

-—~ Rate equations:
/ A RHS _ Ar
- le-Tti e e :2“[ 2 j ar (T

e e @ — — — — — — .
\\ / 2 - ~ - conﬁi on temperature
. // area of interface ™o difference
1 Ar)’
—p— Ar g —rLl = g-m
2
2 volum?e[of CVv

27 LKk ([ Ar Ar )
T -T)+zL[ 22| g"=0
Ar(Zj(z 1)”(2jg




Boundary Node (at r = R)

Node N:
\ Energy balance: (s +C,, +9=0
\ :
\ plastic Rate equations:
\
\ . Ar\ k
Al _‘ Quus = ZﬂL(rN _7JE( N—1_TN)
Y R R
condp | “conv T
(Too — Ty )

cond, p

2 N
® | .y__j\/«VﬁL____j\/AV/\_4. q, = : R

g=2zLr, %g’”’

2Lk AT Too_T s M
Zr (rN_7j(TN‘1_TN)+R( ) +zLlr,Arg”"=0

cond, p + conv




Set of Equations to be Solved

* Numerical models lead to system of algebraic
equations (instead of differential equation):

27 Lk( Ar Ar ?
T,-T)+zL| 22| g"=
AT (2j(2 )+ (2) J

2z Lk n—éi(ﬂ4—ﬂ)+2ﬂLk i+ 2T, -T)+g"2xr LAr=0
Ar 2 Ar 2

Ar 2 R +R

cond,p conv

ZﬂLk(rN —gj(TNl_TN)‘F (TOO_TN) +7ZLI’NArg’”:O

* Solve using appropriate tool, e.g., Matlab



Solution

Temperature (K)

330 ———

290L .
0 0.2

325
320/
315/
310]
305/
300/

295[

= numerical solution |
—analytical solution |

0.4

0.6

‘0.8‘ N
Radius (m)

1

1.2 1.4

1.6
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Module 4
Extended Surfaces

1. G. NellisandS. A. Klein (2009), Heat Transfer, Cambridge University
Press Lecture notes provided by Drs. Nellis and Klein

2. Other textbooks such as T.L. Bergman, A.S. Lavine, F.P. Incropera,
D.P. DeWitt, “Fundamentals of Heat and Mass Transfer”, 8t Edition



Many situations where
T distribution is 2-D/3-D
but can approximate as
1-D with little loss of
accuracy

Simplification: extended
surface approximation

The most common
situation - fin:
— thin piece of metal to

increase A and enhance
heat transfer

Extended Surface Approximation




2-D Temperature Distribution

e T distribution in fin is 2-D:

T drops due to conduction in x-direction

s

\

T X
)
S x/L=0.25==
>
©
§ rxIL=05—__
g
2
©
o  x/L=0.75
o
S Fx/L=1
|_

—T

i A-l-COHV
O (center)

Normalized y position

1 (edge)

- T drops due to
conduction in y-direction

T drops due to
convection from surface



Governing Thermal Resistances

e This problem cannot be solved

using thermal resistances
(“current” is not constant in 1-D)

* However, it can be understood
using thermal resistances

e Governing thermal resistances:

L
cond ,x kWth

resistance to conduction in x-direction: R

th

resistance to conduction in y-direction: R, = oWl

resistance to convection from surface: R =

conv

2hWL



Governing Thermal Resistances

e Understand solution by comparing magnitudes of

resistances

e AT proportional to resistance

AT

conv

_Tb
0
S rx/L=0.25
>
©
g - x/L =0.5
O
=
©
g - x/L =0.75
E Lx/L =1
|_
_TOO
0 (center)

Normalized y position

1 (edge)




Extended Surface Approximation

* If R ongy/Reony << 17

conv

* AT ongy /ATony << 1 = extended surface approximation

* AT 4uction from center of fin to surface small relative to

AT from the surface to surroundings
* T(x,y) ~ T(x)

conv

B Tb _Tb
0 g T
S Fx/L =025 5
g g x/L =0.25
€ FxL=05 £
v ° x/L =0.5
= 5
© IS
o - x/L =0.75 g IL =0.75
S bx/iL=1 g S
- ATcoan _Too ,,,,,,,,,,,,, , | ,
0 (center) _ - 1 (edge)| 0 (center) 1 (edge)
Normalized y position Normalized y position




e Extended surface approximation justified by Biot

number

If Bi << 1, extended surface approximation valid

T~T(x)

Thin, conductive member with small h
Appropriate Bi not always the same, in general:

Bi =

Bi =

R ondy th 2hWL thh

Biot number: Bi = =
R 4kW L

conv

1

. resistance to conduction in direction to "remove"

resistance from surface
resistance to neglect in your model

resistance to consider in your model

2k



Biot Number for Radiating Fin

Bi — resistance to conduction in direction to "remove"

resistance from surface

Bi: cond,y
Rrad

: L N th

resistance to conduction in y-direction: R, =
T 4kWL

, L 1

resistance to radiation from the surface: R, = — th
2¢WLoT

g th 2¢eWLoT® theoT®
4kWL 1 2k




Relative “Resistances”

e If extended surface approximation valid, can
anticipate solution based on relative values of R

conv’
Rcond,x ,,,,,,,,,,
R To
©ndX <<1, all AT due to convection I Reond x/Reony << 1
Rcond,x

>>1, all AT due to axial conduction

Rcond,x/Rconv >>1

— Temperature (arbitrary units)

0 010203040506070809 1
Dimensionless axial position, x/L

8




Governing Equation

0= perdxF(T—Too)Jri{—kAc d—T}dx
. ~ o dx dx
Aconv —_—

q

2 h h
d72'_per 7_:_per r
dx kA, kA

C

e Rate of conduction drops due to convection
e Above development is for constant cross section

e Second-order, linear, non-homogeneous (note, if T is a solution then CT is
not) ODE

 Not separable
* Split solution into homogeneous (T,) and particular (T,) solution: T=T, +T,




dZ(Th +Tp)_per/7(7_ -|—T)
h p

B per h r
kA,

dx’ kA

d*T. perh_ d’T perh erh
2h_p T, + 2p_p Tp__p T,

dx kA dx kA, kA,

:\E) whatever is left :vaer must be the

for homogeneous particular differential equation
differential equation

* Particular ODE: by inspection, T = constant should
work. Substitute into particular ODE to get |.=T.

e Homogeneous ODE: 7,=cexp(mx)

h h
e Cexp(mx)=0; m’= per
A kA

cm’exp(mx)— P

 Two solutions corrseponding to two roots of
quadratic equation T,,=C exp(mx); T,,=C,exp(-mx)



e General solution: T=T,+T =C, exp(mx)+C,exp(-mx)+T,

adiabatic tip
e Constants based on BC Tb\‘ N
| g
e Base: [T, =T, N Z
. . e . L specifed base temperature
e Fin tip: several possibilities X

dT

e Consider adiabatic tip ¢..=o; —kAc(;j =0

e Substitute into general solution to get:
_ (T,—T.)exp(-mL) (T,—T,)exp(mL)
exp(—mL)+exp(mL) ?xp(—mL)+exp(mL)

exp(mx)+

exp(—mx)+T,

rry 1)

+T_|; alternatively =
B (T,-T.) cosh(mL)

o0

—

Vo A

G G

[exp(—m(L —x))+ exp(m(L —x))]

r=(7-T.) [exp(—mL)+exp(mL)]







Interpretation

Rcondx:L Rconv:—l Rcoﬂ_ L EperL_ EperL_mL
" kA h perL R A kA A kA

TX=0 — Tb
0.9 e _ 4 R
® ogll\ N~ | ordX 50 finis isothermal at T,
g 0.7 \\ \ B E Rconv
o U E \\ \\ mL=1_" : dT
£ 0.6] N :
; 05/ \ . ] (_j =0
) - ™~ ] ax _
E 0.45\ \ \\ mL =2 ' x=t
ol NN\ — | s
= o.zé\ \ | mi=5 L — wndX 5 oo fin is isothermal at T,
0.1§ mL = ]‘-O \(/ Rconv
(T-1)%mzs0 >~ T— | |
(,-T.) o 01 02 03 04 05 06 07 08 09

Dimensionless position, x/L



Fin Heat Transfer

5

N

s =\/EperkAC (T,—T,)tanh(mL)

Other BCs:

End Condition Temperature distribution
T-T, cosh[m{L-x])
e T-T., cosh(m L)
A diabatic t1 - —
F = = = = 4. =\T-T )i per kA tanh(mL)
5, = tanbh{m L)i{mL)
ho
-1, cush[m [I.—x:lj+ﬁmr&1[m|:1—x]j
T-% cosh (m L) +%sinh (mI)
Carnvection —— -f'_ sir|l1|:m£:|+ikcnsh|:ml.:|
from tip T T T T g =(T-T,) JAper kA mﬁ
coshim L] +—ksir|h|:m L
m
[tanh(m L)+mLAR ]
7 T MI[l+mLAR tanh(mL)|1+AR |
T =-T 1. .
= Jaith (mx)4ainh (m(L-x
T T—T:>=|:T—T:;:| ) [ |: :I:I
Specified tip — I-% sinh (m L)
temperature e = = T _
P /, o [cnsh(ml.]—[—g i:ﬂ
=T -T, ,rlﬁ 4 z
2.=1 “ I per sinh (m L)
T r-T, = exp-mx)
Infinitely T T
]'Dng .f,.‘. i

g, =T —T:,].,IJJ’*: per k4




Fin Efficiency

fin efficiency = fin heat transfer For adiabatic tip (const. A):

heat transfer to a "perfect” fin (k —>oo) hT

e |deal limit corresponds to ‘
= 0 (fin isothermal @ '

T ) C.Ifin /
B 77 in — == \ \ \ \
! h As,fin (Tb o Too ) T \_;

surface area of b
fin exposed to fluid

¢ -
NANN

o Definitionsame forany fin | &N =
geometry gj Rcond,x\/ R.,,, = 0so fin isothermal @ Tb_
* For adiabatic tip (const. A.): |5 ¢
s N E 0.4} \\
_\JhperkA. (T,-T,)tanh(mL) * oosl —— j
Tin = hperl(T,—T,) 02| \J\/
Ao g 011 R ongx/ Reony = °° so fin is isothermal at Tw/
nﬂn:tanh(mL) 0 05 1 15 2 25 3 35 4 45

mlL Fin constant, mL




Fin Efficiencies and Resistances

oL Skt ettt * R;, convenient method of
S > 1 ) . incorporating finblsolutions into larger
7 |-l engineering problem
— - g gp
Stridt Eeewll| L2ml)
tramgalx Lt " T A Beenll 0.2 L) : . N
| . A _2Wf£ +(%] N, == qﬁ” —> qfin :Ufin h As,fin (Tb _Too)
i [ " hA . (T,-T.) DR
SEgt [ ___ 3 ’ Riin
punboke | J "R
1 ) ", ' A w{cn m["u::] . (Tb _TOO) 1
2k # J— R
_ e Gy =" where R, =—
rectaular . -““‘;[f‘? fin 77fin s, fin
. A =3Di . o
—~— o 5 Rsi,, incorporates effect of convection and
= ‘ ‘ : _:fmuﬁﬁ] conduction
— & A b — Rin>Reony = 1/(hAs,fin) because Min < 1
e~ - - i — Ry, evaluated using appropriate 7,
el ] W - solution
W% — R;,, can be inserted into resistance
. - I Imo [Bessell Low )Bessell[ Lo )-Bessell] Lnr JBesselE L J] network
[[m' :.-[w]][Erssd]IU,h:r |BesselB[ Ly )+ Bessel [ 0o JBessell[ Lo J]
Where F = bt travefer coefficiad | A= thaml cadutw by




Finned Surfaces

\ P fins,

base surface area, A

each with base cross-sectional area, AC b

and surface area, A g

Runf finned —

1

H(As,b —N fin

AN

I S
Nein N A fin

AN

__ 1
Nin N A fin

AN

fin

fin

__ 1
Nein N A fin

fin

As)

Run_finned =

1

AN

ANV

h(As—NiuAy)

T

0

e

AN

1

fins —

N fin 77 6in h A fin




Extended Surface Solutions

e Extended surface approximation can be used to
analyze situations other than fins

— volumetric generation
— heat flux
— multiple computational domains



Hot Wire Example

e Hot wire mounted in a duct to measure velocity

 Only the middle portion (the wire region) exposed
to volumetric heating to avoid edge effects

L,=12cm
L.=2.5cm
/Tb =20°C
A ./ +
T, =20°C — y % g" =1.2x10" W/m’
— 2 A =
h=S5Wim™-K —» ___— Lo center of duct
' | wire region
> strut region/\\ -
\\D:Q7mm
k =25 W/m-K




(D/2) haDL b hD _gige
2k

<< 1 so extended surface approximation is appropriate

[ [ -

center of duct

Extended Surface Approximation

e Extended surface approximation allows us to
assume T(x) not T(x,r)

e Approximation justified with:

IS adiabatic

!

line of symmetry

center of duct




Two Regions

e Two computational
domains:

— 0 <x <L, :novolumetric
heating (T)

— L. <x<L +L,:
volumetric heating (T,,)
SoNg di
>;<+g_>;<+dxdx+qwnv

§" A, dx =i{—kAc ar,

}dx+/7perdx(TW -T.)

dx dx
d’T, hper :_EperT _g"| ODEforT,
d kA " kA " k| L. <x<(L,+L,)
d’T, _FperT :_f_)perT ODE for T,
dx* kA kA 7| 0<x<lL

A
LS:25cm—
\ 4
A
LW:12cm—
\4

NP







Boundary Conditions

T, =C,sinh(mx)+C, cosh(mx)+T, + /g;plzcr for L, <x <(L, ——
T, =C,sinh(mx)+C, cosh(mx)+T, for 0<x<L, L. =2.5cm~ X 1.7, =T,
qS’X:LS 2 7;X:L :Tw x=L
= 3.4 =G
| A : qs X= :qw X=
qw,x:LS s H
L, =1.2cm-
e Y _ b
C,sinh(m0)+C, cosh(m0)+T, =T, |C,+T, =T, %73\
= - 4 qw,x=(Ls+Lw) :O
Cssinh(mLS)+C4cosh(mLs)+Tw=Clsinh(mLS)+C2cosh(mLS)+Tw+lg; :
per
C,msinh(mL,)+C, mcosh(mL,)=C, msinh(mL,)+C, mcosh(mL,) 4 Equations
: in 4 unknowns, can solve
C, msmh(m(Ls +L, ))+C2 mcosh(m(Ls +L, )) =0 in EES using the

appropriate values for
heat generation, h, and Ts







C
O
i

>
O
-
i
e
O

Q

S

>
s

(O

S

QD

Q.

5
_I

strut

5 O 5 O 5 nU
< < ™ ™ N N

(D,) aunresadwa |

3.5

2.5

Position (cm)

1.5

0.5




Non Constant Cross Section Extended Surfaces

* Constant cross-section extended surfaces yield
solutions in terms of exponentials and/or hyberbolic
functions, which are series solutions with the
appropriate constants.

e Homogeneous differential equation that results from
analysis of extended surfaces with non-constant cross-
section (and many other problems) is:

i(x’”ﬁjicz x0=0
ax ax

(Bessel'sequation)

e Series solutions to this ODE referred to as Bessel
functions

e Rules for using Bessel functions are well-defined



Bessel Function Solutions

Governing differential equation:

i(x"cjl—g)ircz x*0=0
dx dx

\ 4

Calculate solution parameters:
__@-p) 2 n_(-p) T
n_(s—p+2) a_(s—p+2) a 2 ((p—l) —4c >Oj T ;
; ! ((p—l) —4c <0)
(Last term in dif. eq. is negative:\ Calculate solution parameters: ¢
d ¥ do a0 C@-p) [(p _1)2 ] Calculate solution parameters:
dx " dx W= g d _(-p)
- J 5 2
- N r2=(1_ p)_ (p-1) _c? 2 (p—l)z
% % 2 4 N T
6 =C, x"? Bessell n,caxa) ¢ 4

'

n 1
+C, XA BesselK n,caxA)

0=C,x"+C, x*
\ J ( ! 2 ) [H—Clxd cos[eln(x)]]
A 4 Y d -
( Last term in dif. eq. is positive: | [(p 1) -4 =Oj +C,x"sin[eln(x)]
. . 0 .
typical solutions %(xpz—x £E2X0=0
| Calculate solution parameter:
for heat transfer b g
T | ,_-p)
problems a y N d
6 =C, x"*Bessell {n,cax a)
+C, % BesselY n,cax%‘) (6’ =C.x" +C, X" In(x))
\_ /




Bessel Function Solutions

order of Bessel function

0=C, X/ Bessell(@cax%‘) +C, X/ BesseIK\(@cax%‘)

modified Bessel function of the 15t kind /

modified Bessel function of the 2" kind

0=C, X/ BesseIJ(n,cax%‘)+C2 X/ BesseIY(n,cax%‘)

Bessel function of the 15t kind /

Bessel function of the 29 kind

Bessel functions resemble sinh and cosh (exponentials)
Modified Bessel functions resemble sine and cosine



Derivatives of Bessel Functions

e Rules provided in text:

—|Bessell(0,u) | =Bessell(1, u)ﬂ

X dx
a BesselK(0,u)]=—BesselK(1, u)ﬂ
dx - dx
a Bessel)(0,u)|=—Bessell(1, u)ﬂ
dx - dx
i[BesseIY(O, u)|=—BesselY(1, u)ﬂ
dx dx

etc.

 Maple is also very useful for working with Bessel functions



Annular Fin

 Washer-type fin (assume extended surface
approximation is valid)

h =75 W/m°-K

T

th = 0.035 inch

-« >

T, = 65°C

— Ty = 0.625 inch

k=45 W/m-K

L

r.., =0.25inch




Governing Equation

: ., dg :
><:><+_qdr+qconv
dr dr—>| |<—
dT |
= — e qr—|-> [ d_qd
q=—k2rrth o = q, +
—27rdrh(T =T \p|— convection from 1
Geony ( ) two sides ey
d dT _
—| —k2frwth=— |dr+4zrdrh(T-T,)=0
dr dr
you cannot simply remove this from the differential!
d( de 2h 2h
— | r—— |- rT=—"rT,
dr\ dr kth kth
N d dT 2 2
dr\ dr " kth

a rd—T —m°rT, =0
homogeneous ODE: ar\ar h



e Particular ODE is solved by inspection:
T =T,
* Homogeneous ODE:

i(rﬂj—mz r7. =0
dr\ dr

e This ODE isczja form of Bessel's equation:

— x”ﬁ +c*x°0=0
dx dx

e Can solve following flow chart with:
x=r;0=T;p=1;c=m;s=1



Flow Chart

Governing differential equation:
d[rdThj_merhzo d( ,dé L2y 0 =0
dr\ dr ) T

; ;
—— (spe2e0)  (opro-0)—
| |

X=r

0=T,

p=1 S—p+2=1-1+2=2%0

(S::]r-n left-hand side of flow chart



Homogeneous Solution

X
Calculate solution parameters: ‘9 h
n= (1_p) a= 2 D:—(l—p) p:l a= 2 = 2 =
(s-p+2) (s-p+2) a 2 > S—p+2 1-142
c=m
(Last term in dif. eqg. is negative: n
d(pde) ) s s=1 —=0
—| X" —|-¢c"x6=0 a
L dx dx

_ oy 74 : i
H—Clxn Bessell@cax 1) / last term is negative
+C, x%i BesselK 61,caxA)

0=C, % Bessell(n,(:ax%l)+c2 X/ BesseIK(n,cax%)

e - - —1
Last term in dif. eq. is positive:

d( pdé =
&(X dxj ¢x0=0 T. =C x° Bessell O,mlr% +C., x° BesselK O,mlr%
N h 1 2

4
( )

0=C,x* Bessel) (n,cax’* ) T, = C, Bessell (0,mr)+C, BesselK(0,mr)

1
+C, x%1 BesselY 61 ca XA )

G

. J




General Solution

r=T,+17,

T =C,Bessell(0,mr)+C,BesselK(0,mr)+T,

 The general solution satisfies the ODE

regardless of

C1 and C2 - these constants are selected based on

the boundary conditions:
i

—r..=0.625inch

out

g
T, =65C— |

|
i
f r, = 0.25 inch
|

NN\




Boundary Conditions

T =C,Bessell(0,mr)+C,BesselK(0,mr)+T,
e Substitute the general solution into the BCs

r_ =1,

r=r, b

T, =C,Bessell(0,mr, )+C,BesselK(0,mr, )+T.

o0

dT d d
(Ejr_rom =0 Cld—r[Bessell(O,mr)]rer +C, E[BesselK(O,mr)]r:rM/ =0

4 / \ '
mBessell(1,mr,,, ) —mBesselK(1,mr,,, )

C, mBessell(1,mr,, )—C, mBesselK(1,mr.

 Two equations in two unknowns —
solve in EES/Matlab

)=0




EES Solution

$UnitSystem SI MASS RAD PA K J

$TABSTOPS 0.204060835in

r_in=0.25 [inch]*convert{inch,m) "inner radius”

r_out=0.625 [inch]*convert(inch,m) "outer radius” — Inputs

th=0.035 [inch]*convert(inch,m) "thickness"

h_bar=75 [W/m~2K] "heat transfer coefficient”

T_b=converttemp(C K,&85 [C]) "base temperature”

T_infinity=convertemp(C K,20 [C]) "ambient temperature”

k=45 [Wim-K] "conductivity”

m=sqri(2*h_bar{(k*th)) “fin constant” — Boun.d.a Y
conditions

"Boundary conditions”

T_b=T_infinity+C_1*Bessell(0,m*r_in)+C_2*BesselK(0,m*r_in) "base temperature”

C_1*m*Bessell(1,m*r_out)-C_2*m*BesselK({1.m*r_out)=0 "adiabatic tip"

r_bar=0[-]

r_bar=(r-r_in)/(r_out-r_in) "dimensionless radius” ___— General

T=T_infinity+C_1*Bessell(0,m*r+C_2*BesselK({0.m*) "temperature distribution” solution

T_C=converttemp(K,C,T) “in C"




EES Solution

62|
61|
60|

59|

Temperature (°C)

58|

57|

0.006 0.008 0.01 0.012 0.014 0.016

Radius (m)




Fin Heat Transfer

]
o
O\

qfin — _272.,./'n thk(ﬂj

dr

A =—271, thkdi[cl BeSSG“(O,mr) +C, BesseIK(O,mr) n TOO}
r r=r,

Vo

r=r,
-/

G, =—7r,thksC, di[Bessell(O,mr)]
r =i

. 7/

+C, %[BesselK(O,mr)]

v Vo
mBessell(1,mr;,) —mBesselK(1,mr,,)

G, =7, t“hk[C1 mBessell(1,mr, )—C, mBesselK(1,mr, )]




Fin Efficiency

i o
" 2a(, - )h(1,-T,)

o J/

q_dot_fin=-2*pi*r_in*th*k*(C_1*m*Bessell(1.m*r_in)}-C_2*m*BesselK({1,m*_in))
"heat transfer rate to fin"

eta_fin=q_dot_fin/(2*pi*(r_out” 2-r_in"2)*h_bar*(T_b-T_infinity)) "fin efficiency”

eta_fin_EES=eta_{fin_annular_rect(th, r_in, r_out, h_bar, k) "check EES' function”

N

we can compare our result with the internal EES function from the
fin efficiency library

Tiin, = 0.8501 [] Nin EEs = 0.8501 []













Intermediate Heat Transfer

MEG6300

Module 5
Separation of Variables

Lecture notes based on:

G. Nellis and S. A. Klein (2009), Heat Transfer, Cambridge University Press
Lecture notes provided by Drs. Nellis and Klein

Other textbooks such as F. P. Incropera et al. 00 ), Fundamentals of Heat and Mass
Transfer, 6t Ed, Wiley and Sons.




Requirements for Separation of Variables

e Split PDE into two ODEs that can solved using
techniques to solve 1-D conduction problems

e Requirements for using Separation of Variables

— PDE must be linear

e cannot contain any products of temperature or its derivative
aZT oT 0°T

2

OX 8x 8y

zT T 2
linear: 82 0 6 +T=0

ox~ Ox 8x

nonlinear: T

— PDE must be homogeneous

e if T solution, then C T also solution (where C is a constant)

82T oT 0T
nothomogeneous —+—+— +T = T
ox>  ox  ox?

2 2
homogeneous: ﬂ+g+a— T=0
ox> ox ox’



Requirements for Separation of Variables

e All BCs must be linear
— cannot contain any products of temperature or its derivative

oT
nonlinear: —k—| =o¢&T,,,
aX x=W
oT
linear: —k— =h(T_,-T,)
aX x=W

 Both BCs in one direction (the homogeneous direction) must be
homogeneous

— if T satisfies BCs, then C T must also satisfy BCs
— BCs in other direction do not have to be homogeneous

oT
not homogeneous: —k—| =h(T,_, —T,)
8X x=W
oT
homogeneous: —k—| =hT_,
aX x=W

e Computational domain must be "simple"
— boundaries must lie along lines of constant coordinates (e.g., x = W)



1.

2.

3.

4.
5.
6.

7.

1.

2.

Separation of Variables Steps

Ensure that problem satisfies requirements

Typically necessary to use techniques such as transformations, superposition, etc. to
achieve this

note which direction is "homogeneous direction”

Separate the variables

1.
2.

breaks PDE into two ODEs
be sure that you get the "right" ODE in the homogeneous direction

Solve the eigenproblem

1.
2.

Solve ODE subject to BCs in homogeneous direction
provides an infinite number of eigenfunctions and eigenvalues

Solve problem in non-homogeneous direction
Obtain solution for every eigenvalue
Assemble a series solution

1.
2.

series solution should satisfy PDE as well as both BCs in homogeneous direction
worth checking that this is true using software such as Maple

Enforce BCs in non-homogeneous direction

1.

Requires use of property of orthogonality of eigenfuctions at one or both BCs



Separation of Variables Example

e Two-dimensional temperature distribution in a

plate
T, =T, (x) some specified function of x

A
< »—\\\/
Tio = O/. .\Tx:W —
y
T—>X v




Derive PDE

e Step 1: Differential CV Gy .y
e Step 2: Energy terms o
qx —:—>qx+dx
e Step 3: Energy balance 7 o T’
C.Ix + qy — C.7x+dx + C.Iy+dy L’X W

e Step 4: Take limit as dx and dy approach zero

0
g, oy
oy

L q, :
q,+4,=q, +de+qy +

. a'
Oz%dwridy

g v or
. g, =—k Ldy — : __deX('?_T
* Step 5: Rate equations s, O Gy =T
conduction
O:i(—deyé—Tjdx+i ke |gy o229 T
oX Ox oy oy ox*> oy’




Mathematical Specification of Problem

e Requirements for SOV: T =Ty (X)\ g
A
— PDE is linear L oW
— PDE is HG T —0—" \T_W 0
— BCs are linear y
. . . T—>X \ 4
— BCs in one direction . :O/‘
are both HG -
. . 02T, 0T
— Computational domain o oy
. . T 0
IS Slmple T 0 x is the homogeneous

direction for this problem



Separate the Variables

e Assume that the solution, T(x,y), can be expressed
as the product of two functions: Tx(x) and Ty(y):
T(x,y)=TX(x)TY(y)

e Substitute into PDE: o +Z—=0

ox> oy’

0 0
—Z[TXTY]+—2[TXTY] =0
OX oy
2 2
dm+de:

2 2

dx dy
2 2
A 47X de
dx’ dy

e Divide through by TY TX: —=n "y °

TY 0

d’tx  d’TY

2 2
dx”_ dy ~0
X TY




Separate the Variables

e Equation can only be satisfied if both terms:
1. have the same magnitude d>TX d*TY

2. have opposite sign

3. are constant

2 2
dx” ay”  _ 0
X TY
—_ —_

function of x  function of y

d*TX

dx’

X
would change as | move along a line of constant x

— If these terms were not constant, then

d’TY
dy’
TY

but

could not change in response...




Split into ODEs

 The sign of the constant that you choose matters!

d’TX d*Ty
2
dX2 — __|_/12 dy 2112
TX TY

~_/

positive or negative?
 The choice of sign leads to the form of the ODE:

d>TX 42Ty TX is solved by sinh and cosh
_ 227X =0 and L 22TY =0 I TY is solved by sin and cos

dx’ dy’
d’TX 5 d’TyY 5 TX is solved by sin and cos
dx? +A°TX=0 and dyz —A"TY =0 I TY is solved by sinh and cosh

e The homogeneous direction (x, for this problem) leads
to our eigenproblem - the eigenfunctions must be sin
and cos (not sinh and cosh)...



Split into ODEs

 We have successfully split our PDE into two ODES:
d’TX d’Ty

+A°TX=0 and —A*’TY =0

2 2

dx dy

/

homogeneous direction - this is our eigenproblem

e Solve the eigenproblem:

— recognize that the solution to this particular HG ODE is
sine and cosine...

TX =C,sin(Ax)+C, cos(Ax)



Eigen Problem

e Boundary conditions:
—atx=0:1,_,=0—>7X _,TY =0

e is satisfied if TY = 0 (not a useful solution) orif: TX,_,=0

e substitute general solution:
TX,_, =C,sin(40)+C, cos(10)=0

%/_/ %/_/

C,=0

2

TX =C, sin(Ax)



Eigenfunctions and Eigenvalues

e Boundary conditions:
—atx=W:T7_,=0->T7X_,TY=0
e again, this is satisfied if TY = 0 (not a useful solution) or if:7x,_, =0
o substitute general solution: ™,y =C;sin(AW)=0

* this is satisfied if C; = 0 (not a useful solution) or if: sin(AW)=0

e this occursif: 2 =" fori=1..0
w

e Infinite number of solutions to the eigenproblem:

: I .
TX, =C,,sin(4, x) where 4, =— fori=1...0
! o J/ W
eigenfunction —

eigenvalue




Solve the Nonhomogeneous Problem

e There is an ODE for TY (i.e., the nonhomogeneous

direction) associated with each eigenvalue:
d*Ty,
dy’
— recognize that this HG ODE is solved by sinh and cosh

TY, =C,,sinh(4, y)+C, cosh(4 y)

—A’TY, =0



Obtain a Solution for Each Eigenvalue

Infinite solutions for TX (TX; fori=1...e0).
For each solution Tx; an associated solution Ty;

Solution for T associated with each eigenvalue is:
T=TXTY,

T,=C,,sin(4 x)| C,,sinh(4, y)+C,, cosh(4y)]
Product of two undetermined constants is an
undetermined constant (i.e., it makes no sense to

keep C, , G55, and Cy ).

T =sin(4 x)| C,; C;,; sinh(4 y)+C,,C, cosh(4 y)
oy Cyi

T, =sin(4, x)[C&, sinh(4,y)+C,,cosh(4, y)]




Assemble the Series Solution

* Each solution T; satisfies PDE and HG-direction BCs

e Because PDE and BCs are linear and HG, sum of all
solutions also satisfies PDE and BCs:

TZiT,.
i=1

T= isin(ﬂ, x)[C&, sinh(/l,. y) +C,; COSh(}H‘ y)]
i=1



Enforce the Nonhomogeneous BCs

°Aty=0 T

y=0

=0

T :isin(ﬂ,x) C,,sinh(4,0)+C,, cosh(40)|=0
=1

* Thisonly works if C,;= 0 for all i:

T = iC&i sin( 4, x)sinh( 4, y)
i=1

* Since there is only one constant left, it is not necessary to label it C;

T:iC, sin( 4, x)sinh(4, y)
i=1



Enforce the Nonhomogeneous BCs
Aty =H Ty =Tu(%)
ZC sin( 4, x)sinh(4,H)=T,(x)

This equatlon deflnes all constants in solution

They are related to Fourier coefficients of non-
homogeneous BC

At first glance, it's not clear how we can actually use
this equation (which implicitly relates all of the
constants) to explicitly determine each constant

We have to use a special property of the
eigenfunctions - they are orthogonal




Orthogonality of Eigenfunctions

 What does it mean for a set of functions, F,(x) to Fy(x),

to be orthogonal over a certain range (X ..+ <X <X.n4)?

— If two different functions in the set are multiplied and
integrated over the range the result will be zero

L

£0ifi=]
* Eigenfunctions of our SOV solution are guaranteed to
be orthogonal when integrated from one boundary to
the other in the homogeneous direction

. 0ifisi
For this problemj sin(4, x) sin( 4, x)dx { i :;é/ |
#0ifi=j



Using the Orthogonality of Eigenfunctions

Z.OllC,sin(/Iix)sinh(/I,H)zn(x)

 Multiply both sides of equation by an eigenfunction
ZC sin( 4, x)sinh( 4, H)sin(4 x)=T,(x)sin(4, x)

e and mtegrate fromx=0tox=W

O t—=——m= O0+—<

.Egcisin(/’t,x)sinh(/liH)sin(ljx)dx Tu(x)sin(ljx)dx

o w
> C;sinh(4H )jsin(/l,.x)sin(/ljx)dx
i=1 0
due to the orthogonality of eigenfunctions, every one of these terms
must be zero except the one term where i =

Tu(x)sin(/ljx)dx




Determine the Constants

w w
C. smh A, H jsm j (X )sin(/ljx)dx
0 0

 \We have turned a series equation into an explicit
equation for each of the constants:

_[T sm /1 x

\ these integrals can be evaluated

Cf - Smh(g}_ H)Tsm (/lj x)dx / conveniently using Maple
0

> int((sin(lambda j*x))"2,x=0. W)}, ZIT sm ﬂ, X
il —> (=
5 I Wsmh(/l H)




Determine the Constants

e Solution for constant T on upper surface:
T.(X)=T,

u

w
. > int (T u*sin(lambda j*x) 6 x=0. W},
Zjn5|n(/1jx)dx
0

C - T CTaW(-1+(D)
: Wsinh(/le) j~ T

v

C;:_zn[—1+(—1Y]
! jﬂsinh(ﬂjH)

this equation provides the jt constant

e So, the solution is:

) 27;[—1+(—1y]
T=2.C,sin(4 x)sinh(7,y) where ¢, = i zsinh(4, H)




Implement Solution in EES

$UnitSystem S|, Mass,|Radian,|J, K, Pa

$TabStops 0.25, 3in note that this is important for these problems
W=1[m] "width of plate”
H=1 [m] "height of plate” — inputs
T_u=1[K] "temperature of upper surface”
N=10[] snumber of terms” how many terms are required?
duplicate i=1,N
lambdali]=i*pifw "i'th eigenvalue” —— evaluate eigenvalues and
Clil=2*T_u*(-1+-1)"i)/(i*pi*sinh{lambdal[i]*H)) "i'th constant" constants for each of the N
end terms
x=0.5 [m] "x-position to obtain solution™|
y=0.5 [m] "y-position to obtain solution”
duplicate i=1,N
T[i]=Cli]*sin(lambda[i]*x)*sinh(lambdal[i]*y) "solution for i'th term” |_—— evaluate each term of
end the series
T=sum(T[i].i=1,N) "solution” [~

sum all of the terms



Solution in EES

1.25——
I notice that 10 terms are not
A sufficient to match the

1 || imposed boundary condition
g y = 1m : at y = H
© 0.75| y=0.75m
2 [ y=05m
© =025
8_ [ y=0U. m
= 0.5_
o L
T /

0.25| /
=1K
1m
R |
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1 A
X-position (m) < >-1m
Tio = 0/. T,w =0
y
T—>X A4




Number of Terms

120
0.75" h
0.5
|
0.25 —N =10 terms |
—N =25 terms |
——N =101 terms
O ........................................
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Temperature (K)

X-position (m)




How Many Terms are Enough?

Error in terminating the series is bounded by magnitude of last nonzero term

N=11,x=05m,y=0.5m
(center of plate)

2 urays Table Fa =Tk
Sort 1 Ci 2 A i Ti
[K] [1/m] [K]

[1] 01102, 3.142 0.2537
2] 0 6283 0
‘B]  l0.0000685 9425 -0.003812
I 0 1257 0
‘5] |[7.675E-08 15.71 0.0000988
I 0 1885 0
71 |1.023E-10  21.99 -0.000003!
B | 0 2513 0
‘] [1.487E-13  28.27 1.025E-07
1o 0 3142 0
‘[1] [2272E116  34.56|-3.626E-0¢

/

error is small, < 4x10° K

N=11,x=05m,y=1m
(center of upper edge)

sat || ¢ | x| T

[K] [1/m] [K]
[1] 01102 3.142  1.273
2] 0 6283 0
‘Bl lo.ooooess 9425 -0.4244
I 0 1257 0
‘[B]  [7.675E-08 1571 0.2546
I 0 1885 0
M |[.o023E10 2199 -0.1819
I 0 2513 0
1 |[1487E-13 2827 0.1415
oy | 0 3142 0
‘1] k272E-16  3456[ -0.1157

error is larger, < 0.12 K



Contour Plots

e Parametric table filled with 2-D grid of x and y
— 400 runs for a 20x20 grid
— repeat pattern every 20 rows in x
— apply pattern every 20 rows iny

R Porometrc Tabl SoEE, I 1~
Table1 Table2 .
= | 1 ) - " First Row I1 vl " Clear Yalues Apply
1..[500 T X Y :I Last How |4ﬂﬂ Ev * Enter ¥alues
[K] [m] k [m] —Enter Yalues
Run 1 \ 0 Firgt ¥alue II] m
- ILast value j |1 m
Run 2 0.05263
v IAppI}l pattern every j |2'.t| ﬁ TowWs
Run 3 0.1053
First Row |1 I s/ - x Cancel |
Run 4 0.1579 Last Row 4I]I]
Pun B N 2MMNER

—Enter Yalues

First ¥alue Iﬂ m

ILast value j |1 m

v IHEpeat pattern every j IZU ﬁ rows

o OK x Cancel |




Contour Plots

Se|eCt X'Y'Z PIOt from the PIOtS menu — 5 | Plots Windows Help  Heat Transfer

Mew Plok Window %-% Plak
Bar Plot

Crverlay Plok
Modify Plok

Select correct table and setup figure Modify Axes

Show Taol Bar

X-Y-Z Plot Setup ndow

Tab Hame: IPIut 3 [~ Print Description with plot

of plate’

N 3N X )

Dezcnption: I

—X-Axis i -Axis ~Contour ¥anable Table
: T .
X x IPalametrlc Table j
ly |
' Y | Table 2 =

~Type
{* 3-column data

{~ 2-D table data

Minimum II]— Minimum II]— Minimum II]— ~—Rows—————————————
Haximum|1— Haximum|1— Haximum|1— First I1 3"
Interval Il]2— Interval Il]2— Interval Il]‘l— Last |4["] 3"

f* Linear { Log f* Linear " Log & lsomehic Lines IHadiaI baziz funchion j
[T Grid lines [T Grid lines " Color Bands Resolution  Smoothing
Format [A 2 Fomat [A [2- ¢ Gradient Plo LIF T R

[+ Label contours DK x Cancel




Contour Plots

0.8} ' 06
; 0.5—
0.7| Y
= 0.6; 03
< 0.5]
O A
§ 04 0.2
< i
> 0.3] 01
0.2|
o.1i J
OA .......
0 0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
X-position (m)




Contour Plots

E 0.517

S 0.617

2 0.717

o

Y 0.817
0.917
1.017

0 0. 02 03 04 05 06 07 08 09 1
X-position (M)




Homogeneous BCs

Three types of linear BCs - each has homogeneous equivalent:

e Specified temperature: Ty 0
y
b ox t o
7-x:O :Tb

T _, =0 (homogeneous)
.y —P %
e Specified heat flux: @ —» %
R y
_’T—>X /T—»X
T .
—k(a—) =q" —k(a—Tj =0 (homogeneous)
oX ). _, ox ),
e Convection: [ _
h,T h,0

tox o

_ oT =
k| =—1| =h(T -T ki — | =hT_, (homogeneous
jxo ( o0 x=0 ) ( Ox jxo x=0 ( & )




Homogeneous BCs

e Very few problems naturally have two
homogeneous boundary conditions in one direction

e |[n many cases, use superposition or more advanced
technique (see Section 2.3) to address this

* In some cases, very simple transformation can be
used to recast the problem to provide one
additional homogeneous BC

— transform problem in terms of 0, where 0 is AT relative
to one of the boundary or fluid temperatures



 Machining process applies a heat flux at the top center of a plate

/4

//////////4' iuuﬁ////‘/////

|

_ i h,T,
h, T, |
| - —W
l/. v
Tb H

 Develop a half-symmetry model of the process



Half-Symmetry Model

e Mathematical
specification:

* PDE: 7.7,
BC: Y

2.0 (2] i
oX ) _, OX ). _y

{3
o ),y

* Notice that neither
direction has two
homogeneous BCs

Tb —

y=0

q

MMV/////////////{////

NNNNNNN\WWN

«—>»|-C

L

qg" forO<x<c
0 forc<x<W



Transformation

e x-direction BC at x = W can be made homogeneous by
transforming problem according to:

O=T-T
Transformed problem specification

e PDE: 99, 00_,
ox> oy’

0, =T,-T. & % _ g forO<x<c
)., |0 forc<x<w

 Transformed problem has two homogeneous BC in x-
direction



Separate the Variables

e Assume that: 9(x,y)=6x(x)0Y(y)

e Substitute into PDE:2

2
6?Yd 02)(+<9Xd 6’2Y =0
dx dy
d*0x| |d*6Y
y) 2
dx* | |y |,
need eigenfunctions in oX oy
the x-direction... \
this group must be heref " . o g2
equal to -12 erefore, this group must be equal to +
e The two ODEs:
2 2
dexmzexzo dey—ﬂfeyzo

dx’ dy’



Solve the Eigenproblem

d*OX

2

e ODE in the homogeneous direction: + 220X =0

ax

e General solution: @x=c,cos(Ax)+C,sin(Ax)

e Boundary condition at x = 0:

(%j -0 —» gy(ddlj =0 —» (ddlj =0
OX X=0 dx x=0 dx x=0

C, Asin(40)+C, Acos(40)=0
0 1

C,=0

2

6X =C, cos(Ax)



Eigencondition

e Boundary condition at x = W: g\ -
k| =| =h@_,
ax ),
—/«9\/(@} =hoYoOX_, —>» —k 49X} _Fox »
ax )._w ax ). =
kC, Asin(AW)=h C,cos(AW)
 The eigencondition for this problem: tan(/1W)=kh7

* This eigencondition:
— defines an infinite number of eigenvalues, but
— does not explicitly provide each eigenvalue



Implementing Solution in EES

$UnitSystem SI, Mass, Radian, J, K, Pa

* |nputs: $TabStops 0.25, 3in
W=0.1[m] "half-width of plate”
H=0.05 [m] "height of plate”
gf=5.4ed [W/m"2] "heat flux”
c=0.015 [m] "half-width of heat flux region”
k=2.5 [W/m-K] "conductivity”
h_bar=250 [Wim™2-K] "average heat transfer coefficient”
T_infinity=converttemp(C K,20 [C]) "ambient temperature”
T_b=convertemp(C.K,200 [C]) "base temperature”

"/

//////////MM(C////(////

|

VIV
=

<
«

» "

Tb H




e Eigencondition:

hwW
AW )=
ﬂ,—) k(AW)
RHS \ y

LHS

Eigenvalue Ranges

10—

Eigencondition equation

0 nl2 T

3n/2

AW

27

5n/2

3n

Tr/2

Note that successive
eigenvalues fall in ranges
defined by argument of the
trigonometric function, A W
For this problem, the ranges
are:

in general:

(i—1)7z<l,W<(i—1)7z+§



Eigenvalue Ranges from the Residual

 The eigenvalue ranges can also be identified by examining

the residual of the eigencondition: resigual=tan(Aw)- (EW )
k(AW

10—
8|

6|

A
O- +

0 /2 T 3n/2 27 5n/2 3n 7l2
AW

Residual of eigencondition




Using EES to Identify Eigenvalues

* Program the eigencondition for each

eigenvalue:

N=11[]
duplicate i=1,N

lambdali]=lambdaWl[i]/w
end

tan(lambdaWw/[i])=h_bar*w{(k*lambdawl[i]) "eigencondition”

"number of terms”

“eigenvalue”

e EES identifies the same eigenvalue
(4,) over and over again...

e why?

Sort 5 [lambdaw
[1/m] ]

[] 1420, 1429
2] 1420 1429
3] 1420 1429
[ 1429 1429
5] 1420 1429
[6] 1429 1429
7] 1420 1429
2] 1429 1429
9] 1420 1429
[10] 1429 1429

[11]

1.429




Guess Values and Limits

e The guess value and range of each eigenvalue are not specified
— select Variable Information from the Options menu
— note that each variable has a guess and an upper and lower limit associated
with it
— if these quantities are not specified, then EES usually finds the value that is
closest to the guess value

de-select Show array variables to collapse arrays

A wariable Information 7 x|

@Slmw array variables @l El

[T Show string variables

Yariable I Guess vI Lower Upper Dizplay Units
C l].l]15J -infinity infinity | A 3

M
H 0.05 -infinity infinity A 0 M m
h_bar 250 -infinity infinity | A O B W m2- 1
k 2.5 -infinity infinity | A 3 | MWW M-k
lambdal] 14.29 -infinity infinity | A 3 M 1/m
lambdatV[] 1.429 -infinity infinity (A3 M -
M 1" -infinity infinity A3 M -
qf 54000 -infinity infinity AT MW 2
Th 473.2 -infinity infinity AT MK
T infinity 293.2 -infinity infinity | AT (MK
W 0.1 -infinity infinity | AT M m

J OK EE| Apply | Prirrt | U|:-tlate| x Cancel |
A




Define Guess Values and Limits

e Setup arrays that contain appropriate limits and
guess values for each eigenvalue:

range of each eigenvalue:

(i—1)z<AW<(i-1)7r+=
— 2)

. . .
lowerlimit; T
upperlimit;

guess value for each eigenvalue:
(lowerlimit, +upperlimit, )

guess, =

2
duplicate i=1,N
lowerimit[i]=(i-1)*pi "lower limit"
upperlimitfi]=(i-1)*pi+pif2 "upper limit"

guess|i]=(lowerlimit[il +upperlimit[i])/2 "guess”
end




Set Guess Values and Limits

e Set the guess values and limits in the Variable
Information window using the arrays:

[T Show array variables
[~ Show string variables ﬁl El
Varniable Im Lower Upper Dizplay Units Key Comment
C 0.015 -infinity infinity A 3 M om ﬂ
quess(] 0.7854 -infinity infinity A 3 M-
H 0.05 -infinity infinity A 0 M m
h_bar 250 -infinity infinity A O N W med-
k 2.5 -infinity infinity A 3 M OWIm-l
lambdal] 14.29 -infinity infinity A 3 N 1/m
lambdabV[] gquess(] lawwerlirmit[] upperimit[] A 3 N -
lowerlimit[] 0 -infinity infinity A 3 M -
y 11 -infinity | infinity g & 3 N -
of 54000 -infinity infinity AT N W mt
T b 473.2 -infinity infinity A 1T M

“ -]
J 0K EE| Apply | Print | LI|:uIat-.=. | x Cancel | y
&




ldentify Eigenvalues

Sort 2 iambdawi 3 guess, ‘iﬂwerlimiti 5L'Jpperlimiti
[l | [ g g g
[1] 1429 1429| 0.7854 0 1571
2] 43.06| 4.308| 3927 3142 4712
3] 7228 | 7228| 7069 6283  7.854
[4] 102 102| 1021 9425 11
[5] 1321 1321 1335 1257  14.14
[6] 1626| 1626| 1649 1571  17]
[7] 1933 1933| 1963 1885 204
[8] 2241 | 2241 2278 2199 234 _
9] 2551 | 2551| 2592 2513 26%
[10] 286.1| 2861| 2906 2827 29485
[11] 317.2| 31.72 322 3142 320§
/ 3
eigenvalues are correctly defined g
within each successive range §

10—

t

/2

T

3n/2

AW

2n

5n/2

3n

Trl2




Solve Non-Homogeneous ODE

e The ODE in the y-direction (for each eigenvalue) is:

d;ff’ - =0 OY =C,, cosh(/I,. y)+C4,,. sinh(ll. y)

 Determine the solution for each eigenvalue:
6,=6X,0Y,=C, cos(4,x)| C;, cosh(4, y)+C, sinh(4y) |

e Consolidate the constants:
0, =0X,0Y, =cos( 4, x)| C;; cosh(4, y)+C, sinh(4y) |

e Assemble the series solution:
N
6=> 06,
i=1

N
0 => cos(4 x)| C;,cosh(4y)+C, sinh(4 y)]|
i=1




Enforce BC in Non-Homogeneous Direction

* Boundary conditionaty=0: %-=%"T

N
6,., =Y cos(A x)| C,,cosh(4,0)+C,,sinh(40) |=T, T
= R I

o0

N
> C, cos(4,x)=T,—T.
i=1

e Use the orthogonality of the eigenfunctions:
— muItipIy by an eigenfunction
ZC COS ﬂx)cos(/l x) (T,—-T. )cos(/ljx)

— and mtegrate fromx=0tox=W

ZC Icos (4 x) cos(/l x)dx T(E—Tw)cos(ljx)dx

) 0

_Of;tj



Enforce BCs in Non-homogeneous Direction

e Equation for C3,,-Z C, Tcosz(/l.x)dx:‘]{(n—Tw)cos(ﬁjx)dx

Lo J
v

Integral 1; Inte;al 2;
[= dint{{cos{lambda[i]*x))"2,x=0. . W),
| cos(h W sin( A, W) + A, W . _
S Y The integrals can conveniently
(> int( (T b-T infinity)*cos(lambdal[i]*x)} x=0..W), be achompllshed n Maple and
(=T b+ T anfinity) sin(h, W) copied to EES for
- " implementation
duplicate i=1,N /

Integral1[i]q41/2*(cos(lambda[i]*W)*sin{lambdali]*w)+Hambda[i]*W){lambdali]
Integral2[i]= -(-T_b+T_infinity)*sin(lambda[i]*W)/lambda]i]
C3[i]*Integral1[i]=Integral2[i] "constant 3"

end

“copied from Maple”
“copied from Maple”




Enforce BCs in Non-Homogeneous Direction

e Boundary condition aty = H: k(@j :{q for0<x<c
L 0 forc<x<WwW

N . _]g" forO<x<c
k;cos(/l,.x)[l,C3,,.cosh(l,.H)+Z,.C4,,.smh(ﬂy,H)]—{O oW

e Use the orthogonality of the eigenfunctions (again):
— multiply by an eigenfunction
kZN:cos(/lix)cos(/ijx)[/I, C,,cosh(4 H)+4,C,, sinh(4 H) ]
c']"cos(/ljx) forO<x<c
B Ocos(/ijx) forc<x<W



Enforce BCs in Non-Homogeneous Direction

e Use orthogonality of eigenfunctions (continued):

— integrate fromx=0tox=W

ki[&. C,,cosh(4 H)+4,C,,sinh(4 H) ] [ cos(2 x)cos(ﬂ.j x)dx
i=1

(© =33

/

—
=0 if i#]

= jc’y”cos(lj x)dx + TOcos(lj x)dx
0

e Leads to an expression for each constant C4,i:

k| 4,C,, cosh(4 H)+4,C, sinh( 4 H) Mcos /1 x)dx = jq cos(4, x)d

Integrall Integral3



Enforce BCs in Non-Homogeneous Direction

k[/li C,,cosh(A H)+ 4 C, ;sinh(4, H)}‘]{cos2 (/Ij x)dx = jc’;"cos(ij x)dx
N

0

' v
Integrall; Integral3;

[> int (gf*cos(lambdal[i]*x) ,x=0..¢c) ;
af sin(A, c)

M

duplicate i=1,N
Integral3[i]=gfflambdali]*sin(lambda[i]*c) "copied from Maple"
k*(lambda[i]*C3[i]*cosh(lambdali]*H) Hambda[i]*C4[i]*sinh(lambda[i]*H))*Inte gral 1 [i]=Inte gral 3[i]
end




Implement the Solution

N
0= Zcos(ﬁ,i x)[C&i COSh(/i,. y) +C,; Sinh(ﬂv,- y)}
i=1

x_bar=05 [-] "dimensionless x-position”
y_bar=0.5 [] "dimensionless y-position”
x=x_bar*w/ "x-position”

y=y_bar*H "y-position”

duplicate i=1,N

theta[i]=cos(lambda[i]**)*(C3[i]*cosh{lambda[i]*y)+CA[i]*sinh(lambda[i]*y))
“I'th term in the series solution”

end
theta=sum(theta[i].i=1,N) "series solution”
T=theta+T_infinity “temperature”

T_C=convertemp(K,C,T) “in C"




Temperature Distribution
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175.9
239.8
303.7
367.7
431.6
495.5
559.4
623.3
687.2

Temperature (°C)
O 01 02 03 04 05 06 07 08 09 1

X/W
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Module 6
Superposition

1. G. NellisandS. A. Klein (2009), Heat Transfer, Cambridge University
Press Lecture notes provided by Drs. Nellis and Klein

2. Other textbooks such as T.L. Bergman, A.S. Lavine, F.P. Incropera,
D.P. DeWitt, “Fundamentals of Heat and Mass Transfer”, 8t Edition



Superposition

e Superposition allows you to split a problem with many non-homogeneous
components (e.g., BCs or terms in the PDE) into sub-problems that each
contain only a single non-homogeneous component

e For example:
— a 1-D plane wall with a uniform rate of volumetric generation

<—L—>|

Tins g TrHs

/

— This problem has three non-homogeneous components:
e the generation term in the PDE
e the non-homogeneous BCatx=0
e the non-homogeneous BCatx =1L



Superposition Applied to a 1-D Problem

/S
d°T g”’ ./TX—L = Trus
T,o=T gl B L \\/
x=0 = lLHs | —X
e
S/ 3 non-homogeneous components of
complete problem for T the groblem

e This problem can be split into three sub-problems that each contain only
one of the non-homogeneous components:

— sub-problem A considers the LHS BC
 RHS BC and PDE are replaced with their homogeneous equivalents

— sub-problem B considers the RHS BC
e LHS BC and PDE are replaced with their homogeneous equivalents

— sub-problem C considers the generation term in the PDE
e BCs are replaced with their homogeneous equivalents

e Superposition allows the solution to be written as:
T=T,+T,+T,



Break Problem into Sub-Problems and Solve

S S/
d 2'|' g”’ ./TX:L = Trus
A K
Teo=Tins X

[ SSSSS S SSSSSSS

/ complete problem for T
S S S/, YI IV IV VIV IIIIIS VIV IOV VIV

_ _ Te =0
dZTA :0 ./TA,X:L _0 dZTB :0 ./TB,X:L _TRHS dZTC _ g.,” ./ C,x=L
I dx’ T, ., =01 dx’ T. =01 dx’ k
Taxco = Tins X x=0 L X C.x=0 o
/S s S S S S s ;TS
sub-problem A for T, sub-problem B for Ty sub-problem C for T
T T T
Tins _\ i E i
T | 5
’ | Tris —/ Te !
\ Ts | \
: 0 L X 0 L X

°a L 0 | L 0 L




Add Solutions of the Sub-Problems

TLHS ]




Superposition for Separation of Variables

e Real advantage of superposition apparent when applied to 2-
D or 3-D problems

e Separation of variables requires homogeneous BC in one
direction
— Real problems rarely satisfy this criterion
— Simple transformations not usually sufficient

e Superposition allows subdivision into two sub-problems

— Sub-problem A replaces non-homogeneous BCs in x-direction with
homogeneous equivalents

— Sub-problem B replaces non-homogeneous BCs in y-direction with
homogeneous equivalents

— These sub-problems can each be solved using separation of
variables

— Solution is sum (superposition) of these solutions to the sub-
problems




Problem Specification

e A problem with all non-homogeneous BCs
— there is no homogeneous direction for this problem
— it cannot be solved using separation of variables

h,T. H
5
- »—\\\/
Tyoo :TLHS/. .\szw = Trus
y
P ox
HHITETTETTfTe
g’
partial differential equation: g+giy2 0
x-direction boundary conditions: T _, =T,,. T_,=T..

y-direction boundary conditions: q" ——k(ZTj k(aTj ZE(T - )
y



Sub-Problem A

e Sub-problem A replaces the BCs in the x-direction with their homogeneous equivalent
— sub-problem A can be solved using separation of variables (x is the homogeneous direction)

h,T, H
i
- »—\\/
TA x=0 — O /. .\TA,X:W = O
y
P x

TTTTTTTTTT(TTT

q
o'T, O°T,
partial differential equation: —2+—2=0
OX oy
x-direction boundary conditions: 7, =0 T, =0

y-direction boundary conditions: ¢" =—k o —k o =F(TA - —TOO)
v ) oy ) ’
y= y=H



Sub-Problem B

e Sub-problem B replaces the BCs in the y-direction with their homogeneous equivalent
— sub-problem B can also be solved using separation of variables (y is the homogeneous direction)

h,T.=0 H
5
- »—\\/
Ts xow :TLHS/. .\TB,X:W = Trus
i
& v
s
2 2
partial differential equation: %XCB + é;y? =0
x-direction boundary conditions: T, o =T, T, =Trpus

y-direction boundary conditions: —k(%j =0 —k(%) :FTB -
_ v J,_ '
y=0 y=H

oy



e The sum of the solutions to sub-problems A and B
satisfies the original PDE and all of the original BCs

r=r1,+1,
2 2 2 2
T T o (T,+T,) O (T,+T,
PDE:62+62=O—> (Az B)+ (AZB)zo
ox*> 0Oy OX oy
o°T, | o°T, s o°T, +82TB 0
ox> oy’ ox> oy’
=0 for suprrobIem A =0for sub\-fproblem B

x-directionBCs: T _, =T, > T +T,. =T

LHS A,x=0 B,x=0 LHS
— — Y
=0 for sub-problem B BC
sub-problem A
Teow = Tays = TA,X:W + TB,x=W = Taus
—_— N — _
=0 for sub-problem B BC

sub-problem A



e The sum of the solutions to sub-problems A and B
satisfies the original PDE and all of the original BCs

r=Tm,+17,

y- -direction BCs: —k(aTj :q”_) (aT j [67— j :qﬂ
oy y=0 oy oy

=0 for sub problem B BCfor sub problem A

LHS of BC for

sub- problem B RHS of BC for
sub-problem B

_ ) "
T =h(T,_, - T)—> i P = hT, . +h(A «T)
), ), 8y ! - /

LHS of BC for
LHS of BC for sub-problem A
sub-problem A
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Module 7
Numerical Methods: 2-D Conduction

with Heat Generation
T N ——

G. Nellis and S. A. Klein (2009), Heat Transfer, Cambridge University
Press Lecture notes provided by Drs. Nellis and Klein

Other textbooks such as T.L. Bergman, A.S. Lavine, F.P. Incropera,
D.P. DeWitt, “Fundamentals of Heat and Mass Transfer”, 8t Edition



Introduction to Finite Difference Method

Several different numerical methods have been developed.

Finite difference method 1s more intuitive and easy to apply.

W

Other methods include “}Z g? ABA
. Fi/@ent method v

e Finite volume method
T N %MEUE@/M




Al

Numerical method -- continued ‘P‘

¢ A
’ ?: T \
Discretization: a nodal network, called mesh or grid. We can
refine the mesh but we cannot obtain continuous solutions.

A coarse mesh A fine mesh
-

Nodal points or simply nodes, nodal property such as nodal
temperature - 1t 1s the temperature of the node but 1t also
represents the temperature around the node (average).

Basic principle: Through approximation, convert the
differential equations to a set of algebraic equations that can be
solved numerically.



m+1,n

P——

T,,, = average temperanf/ q«fund node P(m, n)/_ T,
— — oL Im

/'2/"' mli\H T \W’/""L/
2 Sy




P_ iS LWH@"O__ n

Discretization of a Continuous Function ( .- - «
\Y\\jFC D‘ﬁ“

I ¢
6 d_T Tm+1 _Tm) 4 m-1 m—l/’%n m+1/2 Crnce
£ oAx |y Ax, B N
d_T 9 Ly =1y i i i i i
dx m—1/2 Ax' i i i i i
B > X
Q\ , H/_/H_J

Ax  Ax
or _OT| . ,i[
ﬁ - OX |pi1/2  OX |yiy2 :(Tmﬂ +7, 2T, 7;)&

|, Ax (Ax)?
ﬁ/ _p (ﬁ&—\ — (vﬂ .’(‘/\:M’Tr'&:\) / A)LL

42




2-D Steady State

{< [62T 6;T P

m, n+ 1

m, n

| m+1,n
®

m, n-1

azT . Tm+1,n +Tm—1,n _2Tm,n %
ot Ax)?
X~ (Ax)
azT . Tm,n+1 +Tm,n—1 _2Tm,n
20 2
vy (Ay) e
¢

I@wn we obtain
T

m+1,n+T +T n+1+T
l

Finite difference equation for (m, n)

Use N linear algebraic equations to solve N unknowns.






1

The Energy Balance Method CA \4/% 1
V4 A
T —
\ i i Ay m,no .m—l-l,n
Ayt '

\

£

v i .m,n—il -
& A .
v Aﬁ. f’P Din QCE (Tm+1n_ n)



2-D Steady State with Heat Generation

m,n+1

A
Y
A

Y

P A
m,n—1

k%(TmH,n - Tm,n) T k% (Tm—l,n - Tm,n)
+k%(Tm,n+l _ Tm,n) T k%(Tm,nl o Tm,n)

+gAxAy =0
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L\

,.,\(A)(‘ [\ZL (%l/ i)
.(i'” ﬁf’i“m
B *[W( [T }‘*

_ W

@ on ‘F'{'DCV//ZTM%TM +C
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A?ﬂ;\-ﬂ) Gy = \Cy l Aot 95?
W= n T, -
A Tkt G ngr T

. 4'(64,4}—‘—@&)&%2] = 6
| h by 4
I oy MRS

/( /// E;V\" fu &~ ’k‘:; g —.
A M%CD
- 1T T TC
=0




z-:rl) L L\,LA% (TooL,//(\)

A )
¢ iy =0
C[/



If Ax=Ay,

T

m+1,n

. 2
q(Ax)
+ Tm—l,n + Tm,n+1 T Tm,n—l o 4Tm,n + I =0

m,n+1

m-1, n|9conc




‘\ [ \Sr %ZZT@L A\/\:A»J\'A,;é;
/E \ 443 4,“9’ kxéﬁ(ﬂb/r\
g 1 — 4 1_
triel = TR (5
> . 4 A’L
— T 37 XZA"-( T4Ti )

\aD) 5
{4//1? L\ /\1 = [[)

K&M q quw/z Oj






What do we end up with 1s a set of linear algebraic equations.
Assume there are N unknown nodal temperatures.

Clllz—i +a12T2+ ......... +a1NTN :Cl
alei +a22T2+ ......... +a2NTN :C2
aNITi +ClN2T2+ ......... +aNNTN —CN
N
Zalej:Cl, i=1 2,.... N
J=1

KGN

ano

ann |

-

[T1=[A4]"[C]
S S

LAInsn LT Ivsa =1C Iy
v

Matrix inversion solution:




1. Energy balance
2. Grid-Independent Study

3. Compare with exact solution if available



PROBLEM

KNOWN: Volumetne heat generation i a rectangular rod of umform surface temperature.

FIND: (1) Temperature distnbution in the rod, and (b) With boundary condinons unchanged. heat
generation rate causing the midpomnt temperature to reach 600 K.
A= ég 25 o

SCHEMATIC: | | g ’0/ =
ﬂ _rT S 3005 T
' _ - g =5x 10/ Wim?,
1 ?. s /.'-' k=20 Wim-K 3
‘2/0 ‘( c Tﬁ
W Aj y J —-‘: Ay=5mm
W L L
. —=Ax=5mm
X

ASSUMPTIONS: (1) Steady-state, m'o-dimen!ional conducton, (2) Constant properties, (3) Umiform
volumetnc heat generation. < \







1.2 Steady-State 1-D Conduction without Generation 17

Table 1-2: A summary of common resistance formulae.

Situation Resistance formula Nomenclature
Plane wall L L = wall thickness (|| to heat flow)
Rpw = kA, k = conductivity
A, = cross-sectional area (_L to heat flow)
Cylinder Fout L = cylinder length
(radial heat transfer) In ; k = conductivity
Rey = oaLk r;, and r,,,, = inner and outer radii
Sphere 1 1 1 k = conductivity
(radial heat transfer) Ropn = 4k a - Fout rin and r,,; = inner and outer radii
Convection 1 'h = average heat transfer coefficient
Reom = h A, A, = surface area exposed to convection
Contact between R/ R = area specific contact resistance
surfaces R.= A, A, = surface area in contact
Radiation R ! A = radiating surface area
rad = P ) s =
(exact) Asoe (T + T5,) (T, + T, o = Stefan-Boltzmann constant
& = emissivity
T = absolute surface temperature
T,., = absolute surroundings
temperature
Radiation N 1 Ay = radiating surface area
(approximate) Rraa > A oedT o = Stefan-Boltzmann constant
s & = emissivity

T = average absolute temperature

Note that useful reference information, such as Table 1-2, is included in the Heat Trans-
fer Reference Section of EES in order to facilitate solving heat transfer problems with-
out requiring that you locate a written reference book. To access this section, select the
Reference Material from the Heat Transfer menu. This will open an online document
that contains material from this book. Notice that the Heat Transfer menu also includes
all of the examples that are associated with the book.

EXAMPLE 1.2-1: LIQUID OXYGEN DEWAR

Figure 1 illustrates a spherical dewar containing saturated liquid oxygen that is kept
at pressure prox = 25 psia; the saturation temperature of oxygen at this pressure is
Trox = 95.6 K.

The dewar consists of an inner and outer metal liner separated by polystyrene
foam insulation. The inner metal liner has inner radius rpj;;; = 10.0 cm and thick-
ness th,, = 2.5 mm. The outer metal liner also has thickness th,, = 2.5 mm. The
conductivity of both metal liners is k, =15 W/m-K. The heat transfer coeffi-
cient between the oxygen within the dewar and the inner surface of the dewar is
hin = 150 W/m?2-K. The outer surface of the dewar is surrounded by air at T, = 20°C
and radiates to surroundings that are also at To, = 20°C. The emissivity of the outer
surface of the dewar is ¢ = 0.7. The heat transfer coefficient between the outer
surface of the dewar and the surrounding air is hy,;: = 6 W/m?-K. The area-specific

D OXYGEN DEWAR
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Table 1-4: Solutions for constant cross-section extended surfaces with different end
conditions.

Tip condition Solution

I, T. T —-Ty _ cosh(m (L —x))

Adiabatic tip ;i:;ﬁ T,—Ts  cosh(mL)
T X E per kAc tanh (m L)

b ’ Qﬁn = (Tb - Too)

Nfn =tanh(m L)/ (m L)

h .
_ _ W T_T., cosh(m (L —x)) + ik sinh (m (L — x))
Convection from tip L s « = L
Vs ’ — b~ T cosh (m L) + ——sinh (m E)

h
— sinh (m L)+ —- cosh(m L)
G = (Ty — Too) VI per kA, mk

h
cosh(mL) + oy sinh (m L)
m
_ [tanh (m L) + m L ARyp)
Ui = s L[ +m L AR, tanh (m L)] (1 + AR,)

Tr—To
T T-To | Ty—Tu
— | Ty —Ts sinh (m L)

] sinh (m x) + sinh (m (L — x))

Specified tip :
temperature /

B (cosh (mL)— [7TL — T i|>
. _ /7 Tb - Too
Gin = (Tp = Toc) \ I per kA sinh (m L)

h, Te T_Too

Infinitely long ’ T =P (=mx)
; e b~ L

T, b dsin = (Ty — Too) \/ I per k A,
where: B
T, = base temperature h = heat transfer coefficient
T+ = fluid temperature A, = cross-sectional area
per = perimeter k = thermal conductivity
L = length qsn = fin heat transfer rate
T = temperature x = position (relative to base of fin)
perh ) A. i .
L = L = fin constant AR, = —— =tip area ratio
" kA, " per L P
is given by:
L
R, = — 1-223
cond,x kAc ( )
and the resistance to convection from the surface (R;) is:
1
Reony = (1-224)

h per L



Table 1-5: Solutions for extended surfaces.

Shape Solution
tanh (m L)
Nfin = mL
Agpin=2W L
Straight rectangular
2h
L=,/—1L
" kth
_ Bessell(1,2mL)
i = LBessell(0,2m L)
5 th
Straight triangular - Asin =2W, [L2 +| &
7F;/ L—— E
2
L=,—1L
=N ki
4mL?+1+ 1]
r th
Straight parabolic ’h Asin = [Cl L+ In ( + Cl)}
LHT
mL = J L C = 1+ m
tanh (m L)
- Mfin = mL

. Y Agpn=7nDL
Spine rectangular 4

) 4R
/,/ mL = EL

2Bessell (2,2m L)
m LBessell(1,2m L)

D D\?
Asﬁn—n L2+( )

Nfin =

Spine triangular

2 2
L 44 L
mL=,—
kD
R AS,ﬁn =27 (rzznuz - in)
1 out - ~ \/Er
Rectangular annular ~ M\ kth
i = 2h
Mrin =\ 77 Tin
kth
2mry, [BesselK (1,mr;,) Bessell (1,mr,,) — Bessell (1,mr;,) BesselK (1,m7,,)]

" [(mrom)z—(mrm)z] [Bessell (0,mri,) BesselK (1,mr,,) + BesselK (0,mr;,) Bessell (1,mr )]

where h = heat transfer coefficient & = thermal conductivity
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Governing differential equation:

4 xpﬁ +c2x°0 =0
dx dx

A 4

Calculate solution parameters:

o U=p) 2 n_(-p) (pﬂf—4flo !
(s—p+2)+ (s—p+2) a 2 @ @

Last term in dif, eq. is negative: Calculate solution parameters:

2 1 .
df ,d0) - C(-p) - Calculate solution parameters:
X cx 0 =ty ——C (1-p)
dx dx 2 4 d:T
2
1- -1 2
) ! . N Y (i e
v /i 2 4 L
0=Cx “Bessell(n, cax ”) 4
% 7 Y
L +C, x”“BesselK (n, cax ) *

B
Y
2 2

+C, ¥ sin [e In (x )]

[0 =qx’ cos[eln(x)]]

Last term in dif. eq. is positive:\ (p-1) —4c" =0
a4 )cpﬁ +*x'0 =0
dx X Y Calculate solution parameter:
(-p)
e l N d= T
n, )
0 =C x/’ BesselJ(n, ca x/’)
a J P d
+C, x"“BesselY \n, cax =Cx" +Cx In(x)
§ J

Figure 1-54: Flowchart illustrating the steps involved with identifying the correct solution to
Bessel’s equation.

where 0 is a function of x and p, ¢, and s are constants is a form of Bessel’s equation that
has been solved using power series. The rules for identifying the appropriate solution
given the form of the equation are laid out in flowchart form in Figure 1-54.

Following the path outlined in Figure 1-54, the first step is to evaluate the quantity
s — p+2;if s — p+ 2 is not equal to zero, then the intermediate solution parameters n
and a should be calculated.

1—p
= — 1-387
L ——— (1-387)
2
= — 1-388
“=o (1-388)
n 1-p
—=—= 1-389
=3 (1-389)

The solution depends on the sign of the last term in Eq. (1-385); if the sign of the last
term is negative, then the solution is expressed as:

6 = Ci X' Bessell(n, cax’s) + G, X' BesselK n, cax's) (1-390)
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25 T ‘\ """ YA f
2.25f \ L 2"kind, 0" order / ]
) : \\ BesselK(0, x) / /
o | Vi
S F\ —2"kind, 1%order S
S 1.75} \ BesselK(1, x) \//
2 15} \
© TE \ // sty . th ]
2 405 \ \ / 17 kind, 0™ order]
o TUE \ ]
Ko | “l(/ , Bessell‘(O, X)
3 j N A st . st
2 o 75f AN - 1%'kind, 1% order
3 U N 7 Bessell(1, x)
= o05f <
i PN ~
0.25] 7 NS
i > ~—__ E
OE /// \%__ ]
0 0.5 1 1.5 2 25 3

Argument of modified Bessel function

Figure 1-55: Modified Bessel functions of the first and second kinds and the zeroth and first orders.

The zeroth and first order Bessel functions of the first and second kind are shown in
Figure 1-56. Notice that the Bessel functions of the second kind, like the modified Bessel
functions of the second kind, are unbounded at zero.

The rules for differentiating zeroth order Bessel and zeroth order modified Bessel
functions are:

d d
— [Bessell(0, u)] = Bessell(1, u) a“ (1-399)
x dx
d du
o [BesselK(0, u)] = —BesselK(1, u) . (1-400)

1_ ~ L L L PP B L L L AL AL L B AL L
F \—1%"kind, 0" order BesselJ(0,x)
0.75] é‘,t | st |
. A _—17kind, 17 order BesselJ(1, x)
0.5[ =
ol /O
S 025 / N < >
3] L A\ g
S o % \ N /X N
= [ /
s 1/ VAV
@ 0.25] / /\< K7
R AN "

/2" kind, 0™ order BesselY(0, X)
[

/ 2" kind, 1% order BesselY(1, x)
71 N N PR N O T

0 1 2 3 4 5 6 7 8 9 10
Argument of Bessel function

=)
o
R

-0.75f/

Figure 1-56: Bessel functions of the first and second kinds and the zeroth and first orders.
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d d
— [BesselJ (0. u)] = —Bessell(L. u) d—z (1-401)

d d
— [Bessel Y(0. u)] = — Bessel Y(L, u) d—z (1-402)

For arbitrary order Bessel and modified Bessel functions with positive integer order n,
the rules for differentiation are:

d
d—BesselI(n, mx) = mBessell(n — 1, mx) — EBesselI(n, mx) (1-403)
X X
d n
d—BesselK(n, mx) = —mBesselK(n — 1, mx) — —BesselK(n, m x) (1-404)
X X
d n
d—BesselJ(n, mx) = mBessell(n — 1, mx) — —Bessell(n, mx) (1-405)
x X
d n
d—BesselY(n, mx) = mBesselY(n — 1, mx) — —BesselY(n, mx) (1-406)
X X

Finally, the following differentials are also sometimes useful:

d
— [ Bessell(n, mx)] = mx* Bessell(n — 1, mx 1-407
d
X
d
p [¥* BesselK(n, mx)] = —m x" BesselK(n — 1, m x) (1-408)
X
d
— essell(n,mx)] = m essell(n —1,mx -
7 [x" BesselJ( )] X" Bessell(n — 1 ) (1-409)
X
d
p [¥* BesselY(n, mx)] = —mx" BesselY(n — 1, mx) (1-410)
X
d _ -
d—[x " Bessell(n, mx)] = mx™" Bessell(n + 1, mx) (1-411)
X
d _ -
d—[x "BesselK(n, mx)] = —mx" BesselK(n + 1, m x) (1-412)
X
d _ _
d—[x " Bessell(n, mx)] = —mx™" Bessell(n + 1, m x) (1-413)
X

d
d—[x_” BesselY(n, mx)] = —mx™" BesselY(n + 1, mx) (1-414)
X





